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In nondestructive evaluation, one attempts to obtain information 
about the parameters of a medium by means of scattering experiments. In 
this paper, we assume that the medium is modelled by the classical wave 
equation with variable sound speed, namely 
(1) 
Here ~. a vector in R3, denotes the spatial coordinates; t, a scalar, 
denotes time; and the scalar function u(t,i) describes the field. The 
local sound speed is described by the real-valued function c(~), which 
is assumed to be one everywhere except in a bounded region. Within that 
region, c(~) is assumed to be infinitely differentiable and less than 
one. 
Equation (1) governs the propagation of waves in a medium that is 
uniform except for a bounded region. This equation can be used, for 
example, to model an inclusion in a solid. 
Our goal is to recover c(~) from scattering data. The scattering 
data we will use, namely, the impulse response function (i.e., the time-
domain scattering amplitude) is obtained from the following experiment. 
We probe the medium with a plane~ave 6-function propagating in direction 
~. (The field u then depends, in addition, on the incident direction~.) 
Thus for t large and negative, u(t,~,i) is chosen to be 6(t - ~.~) 
For intermediate times the wave field evolves in a complicated way as it 
interacts with the medium. The wave field is measured for all times on 
the surface of a large sphere S centered about the unknown medium. The 
radius of S becomes infinite in the far-field limit. The scattered field 
is described in the far-field limit by the impulse response function 
R(T,~,~'), which is obtained from the large-lxl expansion 
A+ 1\+ 1 111\A 1 u(t ,e ,x) = 6(t - e •x) + "GJ R(t- x ,e ,x) + 0 (j;f) ( 2) 
Here ~ denotes a unit vector in the ~ direction. Note that the right 
side of (2) is of the form of a plane wave plus an outgoing spherical wave 
which is modulated by the function R. 
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We will assume that the impulse response R is known; it is our scat-
tering data. Note that it is a function of five variables: an incident 
direction (two variables), a scattered direction (two variables), and 
time. The problem of recovering c from R therefore satisfies Tony 
Devaney's "Golden Rule" [1) that the data should depend on at least as many 
variables as the function one is looking for. 
Our plan of action is as follows. From the scattering data, we will 
first recover the solution u(t,~.~) at all points in space-time. We do 
this by means of an integral equation that relates u to the impulse re-
sponse R. Once we know u(t,~.~), we can recover the local sound speed 
by observing the propagation of the singular part of u. 
The above plan is motivated by the authors' interpretation [2) of 
Newton's work on the inverse scattering problem in quantum mechanics [3). 
Note that this plan involves finding a function of six variables [u(t,~.~)) from a function of five variables [R(tte,~•)]. However, the 
integral equation we derive that relates R and u turns out to depend only 
parametrically on t. Consequently, this plan does not violate the 
"Golden Rule". 
The bulk of this paper is concerned with deriving the integral equa-
tion [Eq. (13)) that relates Rand u. This derivation proceeds as follows. 
First, a scattering solution of the wave equation at a space-time point 
(t,t) is represented as an integral over a large sphere. The integrand 
in this representation involves the exact Green's function. This repre-
sentation formula is then applied to the difference of two particular solu-
tions. Next, the large sphere is allowed to become arbitrarily large so 
that asymptotic formulas can be used. In particular, the exact Green's 
function becomes proportional to one of the scattering solutions. Finally, 
causality is used to obtain a linear integral equation that relates R to u. 
We first look for a representation of u(t,~.~) in terms of an 
integral over a large sphere. We use the equation for the exact Green's 
function: 
(3) 
We multiply (3) by u(t,~,t) and (1) by G(t'-t,t,y) and subtract 
the resulting equations. We integrate the difference over a large ball in 
space and over all time. We find 
t 
...... 
where Ba denotes the ball of radius a centered at zero and we have com-
puted the integral of u times the 6 function. The t integral in the second 
term of (4) can be done exactly; the result is zero ~cause u is zero for 
large times. To the first term of (4) we apply Green's theorem, obtaining 
I r (u !*- G f*)dtd1 = u(t',~.y), 
sa --
(5) 
where Sa denotesAthe sphere of radius a centered at zero, and n denotes 
the unit normal x. Equation (5) is the desired representation of u in 
terms of an integral over a large sphere. Note that this derivation is 
only heuristic because application of Green's theorem requires the 
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existence of two derivatives, whereas the Green's function is singular. 
However, a careful derivation gives the same result [2]. 
Our next step is to apply (5) to two particular solutions of (1). 
The first, which we call u+, is the one given by (2). This solution cor-
responds to an incident plane wave producing an outgoing spherical wave. 
The second solution, which we call u-, is related to u+ by the relation 
( 6) 
It corresponds to an incoming spherical wave producing an outgoing plane 
wave. We now apply (5) to u = u+ - u-,obtaining 
Our next step is to let the radius a go to infinity and use asymp-
totic formulas for the integrand in (7). The large-lxl behavior of u~ -
u can be easily computed using (2) and {6). The large-lxl form of G is 
chosen to be 
1\ G(t'-t,t,~) = u-(t'-t+ lx' l,+x,f> + 0 (~), (8) 
4'11'lxl lxl 
Equation (8) can be interpreted using the following physical picture. G 
is roughly the response at <t,t') due to a point excitation at 
(t,t) in the far-field. The point source emits a spherically spread-
ing wave which propagates to (~,t') in the interior of the unknown 
medium. The spherically spreading nature of the wave accounts for the 
1/lxl factor. In the far-field limit the incoming spherical wave is 
planar over any local region as it reaches the scattering region. Conse-
quently, the disturbance at (y,t') depends on the response of the 
medium to a plane wave. 
In (7) we use the asymptotic forms of u+ - u- and of G, obtaining 
1 I I""-, II "*_a__ 11"'/\ + 7iir u (t -t+ x , + x,y) · I I [R(t- x ,e,x) 
'11' 2-- ax s 
- R(-t-lx~~ .~) ]dtcfx, (9) 
where s2 denotes the unit sphere. 
In (9), we convert the !xi-derivatives to t-derivatives (which is 
legal because the relevant arguments are t+lxl and t-lxl) and integrate by 
parts in the t integral of the first term on the right side. The terms 
involving R{-t-lxl, - ~.~) now cancel, and we are left with 
+ 1 .. (u-u-){t',~,y)= I I 
- "'2i" 2 s ...... 
• I AI\- II ,1\ ,.. R(t- xl,e,x)u (t'-t+ x ,+ x,t)dtdx.(lO) 
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In (10), we let T = t-lxJ, use (6), and use the notation 
u±(t,~,x) = &(t~·~) + u~c(t,~,t). 
This results in 
+- ,..~ 1I. "~"""' (usc- usc)(t',e,y) =- "2ir 2 R(t'-x•x,e,x)dx 
s 
1 I I"" • ' 1\ 1\ + A -:2. .A 




Our last step in deriving (13) is to use causality to get rid of u-
in (12). To do this, we merely note that since the sound speed in (1) is 
required to be less than or equal to one, u-(t' .~ ,'§) = 0 for 
t' > ~·Y· Equation (12) is then 
+ < , " *> - 1 I usc t ,e ,y - - "2ir 2 
s 
• II+A/\ A R(t'-x•x,e,x)dx 
1 ""• A/\+ 1\ A 1\ -~I I R(t+r,e,x)usc(r,-x,y)drdx , for t' > e•'§• (13) 
1T s2 ._ 
This is the integral equation that relates R and u+. If this equa-
tion is tractable, it is expected to have important physical implications. 
However, little is known about the solutions of (13). The corresponding 
equation that arises in quantum mechanical inverse scattering has a number 
of nice properties. In particular, the quantum mechanical version of (13) 
can often be solved by iteration and the solution is a square-integrable 
function. These nice properties do not hold for (13) because the singu-
larities of solutions of (1) do not travel in straight lines. In fact, u+ 
can be represented [4] as 





The solution u+ of (13) is therefore expected to contain 6 functions whose 
positions are determined by the local sound speed via (15). This suggests 
that analysis of (13) may be challenging. However, once a solution is 
known, it should be possible to recover the sound speed from (14) and 
(15). 
We emphasize that (13) is an exact equation. Its physical utility 
will depend in large part on the development of approximate methods of 
solution. Current efforts along these lines involve the development of 
variational and perturbative techniques. In these Proceedings DeFacio and 
Rose [5] present a technique for linearizing (13) and obtaining a pertur-
bative series given its solution for a known reference potential. Consid-
erable effort is also being expended in the evaluation of (13) in the weak 
scattering limit. In this case, connections can be made with the inverse 
Born approximation and other imaging algorithms. Since (13) is exact, its 
study may be expected to lead to bounds on the errors of these algorithms. 
If these error bounds are sufficiently sharp they may be important in 
establishing the reliability of imaging techniques. 
342 
ACKNOWLEDGEMENTS 
This work was supported 
K0038 and N000-14-85-K0224, 
Department of Energy by Iowa 
W-7405-ENG-82. 
REFERENCES 
in part by ONR Contract Numbers 
Ames Laboratory is operated for 




1. A. J. Devaney, "Fundamental Limitations in Inverse Source and Scatter-
ing Problems in NDE", these Proceedings. 
2. J. H. Rose, M. Cheney, and B. DeFacio, "Three Dimensional inverse 
Scattering: Plasma and Variable Velocity Wave Equation", to appear 
in J. Math. Phys. 
3. R. G. Newton, J, Math Phys. 23, 594 (1982) and references therein. 
4. 0. N. Stavroudis, The Optics-of Rays, Wavefronts, and Caustics, 
Academic Press, New York, 1972. 
5. B. DeFacio and J. H. Rose, "A Perturbation Method for Inverse Scatter-
ing in Three Dimensions Based on the Exact Inverse Scattering Equa-
tions", these Proceedings. 
DISCUSSION 
Chairman Rose: Yes. Questions? Tony. 
Mr. A. J. Devaney: Isn't U- non-causal? 
Ms. Cheney: Well, if you write U- as a function ofT, then as T increases, 
it's really propagating backwards in time. Is that what you mean? 
Mr. Devaney: Yes. What bothers me then is on your derivation using Green's 
theorem, you've used the fact that U must be causal to get rid of the 
time integral. Then in the next step, you introduce this decomposi-
tion which makes U acausal or non-causal. In other words, in the 
very first step, using Green's theorem, you have an integral of 
the field from T equals minus infinity to plus infinity. 
Equation (4) was flashed on the screen; the integral in question is the 
second term of (4). 
You neglected this integral in the next step; that presupposes that 
U is the causal solution. 
Ms. Cheney: Well, all you need is for large negative times and large 
positive times, the field should be zero in the scattering region, 
which is true in this case. But an easier way to see that is if you 
write both these equations in the frequency domain, then these two 
terms just have a K squared C in them, and there aren't any deriva-
tives at all. Then they cancel exactly, before any integrals are 
taken. 
Mr. Devaney: But that term in the frequency domain would not vanish if U 
were not causal because that would correspond to a wave not obeying 
the radiation condition, and that surface integral would stay. In 
other words, the decomposition U+- U- corresponds to a field that's 
non-causal, and it absolutely won't vanish on that boundary. 
Mr. Rose: Your premise is right but your conclusion is wrong, because 
inside the scatterer, at very early times, of course, the field will 
vanish. Then the pulse comes in, scatters, and at very late time, 
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all the energy propagates out in spherical spreading waves and no 
energy is left in the scattering region. 
Mr. Devaney: That's why it's causal. 
Mr. Rose: Well, wait a minute. U- is causal but it's propagating back-
wards in time. 
From the Floor: It's anti-causal. 
Mr. Devaney: Well, maybe that's what I didn't understand. I thought it 
was a time-reversed field. 
Mr. Rose: It's not acausal, but anti-causal. 
Mr. Devaney: Okay. So it's a little tricky. The other question I had 
was: Will this only apply to non-dispersive velocities, velocities 
that are independent of energy frequency? 
Ms. Cheney: I think that might be true, but we haven't thought about it 
much yet. One of the advantages of this method is that it applies to 
a lot of equations. This exact same derivation applies for the 
Schrodinger equation, for example. We haven't looked at the case of 
velocities that depend on energy. 
Mr. Devaney: And my final comment: This probably can be generalized 
without too much difficulty to the Acoustic equation with variable 
density. Have you looked at that? 
Ms. Cheney: Yes. 
Mr. Rose: We have done it. 
From the Floor 1: These are all self-adjoint problems. The derivation 
would have to be changed for dispersive equations which are all non-
self-adjoint. They need Green's functions. 
From the Floor 2: This isn't self-adjoint. The initial value problem is 
never self-adjoint. 
From the Floor 3: Del Squared is self-adjoint. 
From the Floor 4: And the boundary conditions are self-adjoint. 
Mr. Devaney: Assuming that you have absorption, then this is non-
conservative, and everything goes by the board, right? You can't 
do this with losses. 
Ms. Cheney: We haven't really thought about that. I wish more people 
would start working on this. I'd love for somebody to check that out. 
Mr. Rose: Other questions? Well, thank you very much, Margaret. 
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